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1. Introduction

The prime number theorem is a famous problem in number theory. In 1737,
mathematician Leonhard Euler published the Euler product formula at the
St. Petersburg Academy of Sciences, which became the theoretical basis for
studying the distribution of prime Numbers. In 1798, French mathematician
Legendre made a guess based on numerical statistics:

_— %
Inz —1.08366°

Here (1.1) is called: prime number theorem. Where nt(2) is the number
of primes not exceeding .

n(z)

(z > ), (1.1)

In 1896, The French mathematician Jacques Hadamard and the Belgian
mathematician Charles DE la Valley-Poussin independently proved each
other with the abstruse theory of integral functions in the direction of
Riemann’s complex function theory:[1]

TC(CU) - 7($ - 00)7 (12)

log
Here (1.2) is the prime number theorem obtained by the joint efforts of
many mathematicians.

However, Selberg and Erdés proved the prime number theorem
independently by elementary methods.
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Mathematicians believe that it is much more difficult to prove the theorem
of prime Numbers by elementary methods than by esoteric ones. Elementary
proofs of the prime number theorem are particularly difficult to find. Because
of this, the work of Selberg and Erdés occupies an important place in number
theory.

The elementary proof of prime number theorem is mainly based on
Chebyshev inequality, Mertens theorem and Selberg inequality. These are
made by Chebyshev function W(z) reasoning get [2]. But the proof is still
complicated.

In this paper, proved [3]:

r 1 n(y)
x) ~ , =k, (1.3)
logz1-k m(x)
Then the iteration theorem is obtained:
n(z) ~ ———  (z — o),
(@) logz — A, ( ) (1.5)

Among them
Legendred, a French mathematician, figured out that this is better than

(1.2). We also prove that:
Among them 1, = 10(1.5) Legendred, a French mathematician, figured
out that this is better than (1.2). We also prove that:

m(z) (x > ), (1.6)

B logz — A, ’
Among them:

1

A, =1+———0!
logz -1

2

(1.6) Better than (1.5). It can also prove that

m(z)

T

~logx—kg7(£_)oo)’ (1.7)

and

M
logz —3
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(1.7) Better than (1.6). And to prove

n(z) (x> o), (1.8)

B logz -,
Among them:

A=1+ ! —,
‘ Inz-3-4/lnz-23/In"z

(1.8) Better than (1.7).

2. Interval function

Let z > y, the prime number of the interval y < p < zis p, and the
number of 1/p, that is, the number of the reciprocal of the prime number, is:

m(z) — n(y), (2.1)
Due to the y < p < z, so

111 s
2P g (22)
by (2.1) and (2.2) It can be confirmed [4] :
1 1 1
~(n(z) —n(y)) < Y, = <—(n(z) - n(y)), (2.3)
z y<p<zm p y
(2.3) Multiply both sides by z, and you get:
1 =z
Ho) - () <2 Y, + <2 (n(z) - n(y), 2.0
y<p<z P Y

Let’s say r is the number of adjacent integers around z. According to
(2.4) :

n(z) —n(y) <z z 1 < (m(z) - n(y)), (2.5)

By (2.5) You can get

n(:v)—n(y)ﬁ:pz is L

y<p<z P l—T/:E (n(z)_n(y))7 (2.6)

For sufficiently large z, let r be small, given by (2.6)
00,
>0 % Z 4 (27)

y<p<z p

By (2.7) can get:
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n(a)—n(y) -z Y — 28)

Here (2.8) is called the interval function. Represents the number of
primes in the r adjacent integers around a large x.
3. Iteration theorem of prime number distribution
In 1874, mathematician Mertens proved [2] :
. 1
hmZ——loglogx:M, (3.1)

T—>0
p<z

(2.1) It’s called the Mertens theorem. Where the Mertens constant is M
= 0.2614972128476427837554268386086958.. ...... By (3.1) can get:

. 1
hng—loglogy:M, (3.1)

—>0
Y% by

From the above two formulas, we can get:

1 log z
x — ~ z(loglogz — loglog y) = z log ——, 3.2
yzp: p log y 2
Let y=Xx—r,By (3.2) get:
R . R ... —,
y<p<z P log(z —) log z + log(l - —)
z

Among them

logx+log(1—£j :loga:+log[1—( 1 ]
x

1 1 1 1
=logz — + 7+ T « <o Fa—— |
(@/r) 2x/r) 3(z/r) k(z /)
Let r be small, and for sufficiently large z, let the main term 1/(z/7),
can get
logz —log(l—r/xz) ~logx —r/x,
Thus:
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x2—~:1710 lob

et D logz —7/z’
That is:
IR ) (33)
By (3.4) can get
1 r
zlog = , (3.5)

1-r/(zlogz) logz

1 r
mz)-n(y) ~z ), —~
y;z p logz

For sufficiently large z, there is a system of equations based on (3.6):

”
m(z) - n(y) ~ og s’ (3.7)
(y)
_— = k7 )
n(z) (3.7)
According to the system of equations (3.7°) and (3.8) :
o 1
logz 1-k’ (38)

(3.8) Can be called the iterative theorem of prime number distribution.

4. Iterative transformation

For sufficiently large z, it can be obtained from the prime number theorem

(1.2) 5] -

z Y
n(z) ~ , (y) ~ ,
(@) log ) logy (4.1)
By (4.1) get:
oo ™My) yloga
n(r) wlogy’
Substitute into (3.8) and get:
o) - r 1 __r zlny 7
logz 1_?/10g$ logz zlogy —ylogx (4.2)

zlogy
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Let y = 2— r, By (4.2) can get:

i zlog(z —r)

n(z) ~
logz zlog(z —7)—(z —r)logx

o zlog(z(1-r/x))
logz zlog(z(l—r/z))—zlogz +rloga

i zlogz +zlog(l—r/z)

- logz zlogz + zlog(l—r/z)—xlogz + rlogz

r zlogx —r

B logz zlogz —r —zlogz + rlogz’
The resulting

) 1 zlogz—r x-r/logz

’

~logyv logz -1 logz -1
That is:

TE(:L‘ T r

B logz —1 _loggv(logz—l)7

Let r be very small. For sufficiently large z, the main term z/log z-1),
is taken to obtain [7] :

x
no(r) ~ ——,
(@) logz —1
That is:
x
n(z) ~ m7 (4.3)

Among them A, = 1, formula (1.5) of the iterative theorem for prime
Numbers is thus proved.

And we can continue with the transformation, From (4.3) gr:
@
Y
w(z) ~ ———, w(y) ~ ———,
@) logz — 4, ) logy -1

There are:
n(y) y(ogz—1)
n(z) a(logy 1)’

k=
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Substitute (4.4) into (3.8) to get:

r 1 r zlogy —x
n(z) ~ = ;
log:vl_y(logﬂ?—l) logz zlogy —x —ylogx +y
z(logy — 1)
Let y =z — rget :
r zlog(z —r)—=x

n(z)

B logz zlog(z —r)—2z—(z—r)logz+z—r

r zloge —1r—=x

- logzx zlogz —r—x—zlogz+rloge+x—r

1 z(logz—-1-r/x)
log z logxz —2

z(logz —1) r

- log z(log z — 2) - log 2(logz —2)’

Let r be small, and for sufficiently large x, the main term is taken to
obtain:

z(logx —1
(o) - —2osz 1) (45)
log z(log z — 2)
Let
o(z) = log z —27
logz —1
From (4.5) can get
z(logz —1) 17

logz(logz —2) a(z)logz

x

- log z —log z + a(x)log

x

- logz —logz + a(z)log z
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That is:
%
oz) ~ ———, 46
logz -2, (4.6)
Among them
1
Ay =1+ —
logz -1
Here the intensity of (4.6) exceeds the (1.1) Legendred conjecture.
You can keep going, and get a more exact prime theorem.
from (4.6) The transformation will give you [6].
%
logz — A, (4.7)
Among them
1
A, =1+—,
logz —3
The transformation of (4.7) can be obtained [8]
7
oz) ~ ———, 48
logz -4, (4.8)
Among them
1
A, =1+ —
Inz-3-4/Inz—-23/In" z
For the value 1, the calculation is as follows:
z, n(z) , A Ay,
1012, 37607912018, 37550193650, 37603214823y
101, 24739954287740860, 24723998785919975, 24739121219851663,
z, n(z), Kgs Ay
1012, 37607912018, 37607526632, 37607937261y
108, 24739954287740860, 24739908399573115, 24739954036830066,

again transformation will lead to a more accurate prime number theorem.
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